By using the method of dynamical system, the exact travelling wave solutions for the modified equal width equation are studied. As results, the possible bounded travelling wave solutions are obtained which contain the solitary wave solutions, periodic wave solutions, kink and anti-kink wave solutions. The results show that the presented findings improve the related previous conclusions.
Introduction
In the recent years, the investigation of the travelling wave solutions to nonlinear wave equations plays an important role in nonlinear science. Several effective methods for obtaining exact travelling wave solutions of nonlinear wave equations, such as Jacobi elliptic function expansion method [1] , the homogeneous balance method [2] , the symmetry method [3] , functional variable method [4] , the first integral method [5] have been developed.
In the present paper, we will use the dynamical system method to construct the travelling wave solutions for nonlinear wave equations [6] [7] [8] [9] . The method is based on the qualitative analysis method and the bifurcation theory. The purpose of present paper is to introduce the dynamical system method and to use the dynamical system method to handle nonlinear wave equations.
The rest of this paper is organized as follows. In Section 2, we shall introduce the dynamical system method. In Section 3, we illustrate this method in detail with the modified equal width equation. Finally, a short conclusion is given in Section 4.
The dynamical system method
In this section, we describe the dynamical system method for looking for traveling wave solutions of nonlinear wave equations. Suppose a (n+1)-dimensional nonlinear partial differential equation is given as follows.
The main steps of the dynamical system method are as follows.
Step1. Reduction of Eq.1.
(1) can be reduced to a non-linear ordinary differential equation
where k i are non-zero constant and c is the wave speed. Integrating several times for Eq.(2), if it can be reduced to the following second-order nonlinear ordinary differential equation
where f (φ, y) is an integral expression or a fraction. If f (φ, y) is a fraction such as f (φ, y) = F (φ, y)/g(φ) and g(φ s ) = 0, dy dξ does not exist when φ = φ s . Then we shall make a transformation dξ = g(φ)dζ, System (4) can be rewritten as
where ζ is a parameter. If Eq. (1) can be reduced to the above System (4) or (5), then we can go on to the next step.
Step2. Discussion of bifurcations of phase portraits of System (4). If System (4) is an integral system, Systems (4) and (5) can be reduced the differential equation
then Systems (4) and (5) have the same first integral (i.e. Hamiltonian) as follows
where h is an integral constant. According to the first integral, we can get all kinds of phase portraits in the parametric space. Because the phase orbits defined the vector fields of System (4) (or System (5)) determine all their travelling wave solutions of Eq. (1), we can investigate the bifurcations of phase portraits of System (4) (or System (5)) to seek the travelling wave solutions of Eq.(1). Usually, a periodic orbit always corresponds to a periodic wave solution; A homoclinic orbit always corresponds to a solitary wave solution; A heteroclinic orbit (or so called connecting orbit) always corresponds to kink (or anti-kink) wave solution. When we find all phase orbits, we can get the value of h or its range.
Step3. Calculation of the first equation of System (4).
After h is determined, we can get the following relationship from Eq.(7)
that is, dφ/dξ = y(φ, h). If the expression (8) is an integral expression, then substituting it into the first term of Eq.(4) and integrating, we obtain
where φ(0) and 0 are initial constants. Usually, the initial constants can be taken by a root of Eq. (8) or inflection points of the travelling waves. Taking proper initial constants and integrating Eq.(9), through the Jacobian elliptic functions or the Maple software, we can obtain the exact travelling wave solutions of Eq.(1). From the above description of "three-step method", we can see that solutions of Eq.(1) can be obtain by studying and solving the dynamical system simplified by Eq.(1). Therefore, the approach is called as dynamical system method. The different nonlinear wave equations correspond to different dynamical systems. The different dynamical systems correspond to different travelling wave solutions. This is the whole process of the dynamical system method.
Applications of the dynamical system method
In this section, we consider the modified equal width equation by the method of dynamical system
where a, b are real parameters and u(x,t) is the real function [10] . To find travelling wave solutions of (10), we assume that
where c is travelling wave parameter. Substituting (11) into (10), integraling once for (10) and neglecting the constant of integration, we have
which corresponds to the two-dimensional Hamiltonian system
Supposing that b, c = 0 and write that
Thus, we have the following dynamical system
with the Hamiltonian
where h is the integral constant. According to the first integral (16), we can get all kinds of phase portraits system (15) in the parametric space. Because all their travelling wave solutions of Eq.(10) are determined by the phase orbits defined the vector fields of system (15), we can investigate the bifurcations of phase portraits of system (15) to looking for the travelling wave solutions of Eq. (10) . Through qualitative analysis and the Jacobian elliptic functions [11] , we have the following results.
(1)When A < 0, B < 0, there exist an unique equilibrium point of (15) O(0,0). O is center. There exists a family of periodic orbits enclosing the origin. We see from (16) that
where r
The family of periodic orbits defined by H(u,y)=h, h ∈ (0, ∞) of (16) has the results u(x, t) = r 2 cn(
).
(2)When A > 0, B < 0, there exist three equilibrium points of (15) A ± (± (−A) B , 0), O(0,0). O is a saddle point. A ± are saddle center points. There exist two families of periodic orbits and two homoclinic orbits of (15). For h ∈ (
, 0), it can be written as
where
. Thus, the two family of periodic orbits defined by H(φ, y) = h has the parametric representations u(x, t) = ±r 2 dn( 
There exists a family of periodic orbits of (15). The family of periodic orbits defined by H(φ, y) = h, h ∈ (0,
) of (16) has the parametric representation u(x, t) = r 2 sn(
There exists two heteroclinic orbits of (15). When h = 
Conclusion
In summarize, by using the dynamical system method, we have obtained some exact traveling wave solutions of the modified equal width equation. From the above discussions, we conclude that the modified equal width equation have the solitary wave solutions, periodic wave solutions, kink and antikink wave solutions. Obviously, the dynamical system method is very powerful method to seek exact travelling wave solutions for nonlinear travelling wave equations. The method shows a good application to establish more new travelling wave solutions of nonlinear wave equations. In addition, this method can be also used other nonlinear partial differential equation in mathematical physics.
